Integrable N -particle systems have an important property that the associated Seiberg-Witten prepotentials satisfy the WDVV equations. However, this does not apply to the most interesting class of elliptic and double-elliptic systems. Studying the commutativity conjecture for theta-functions on the families of associated spectral curves, we derive some other non-linear equations for the perturbative Seiberg-Witten prepotential, which turn out to have exactly the double-elliptic system as their generic solution. In contrast with the WDVV equations, the new equations acquire non-perturbative corrections which are straightforwardly deducible from the commutativity conditions. We obtain such corrections in the first non-trivial case of N = 3 and describe the structure of non-perturbative solutions as expansions in powers of the flat moduli with coefficients that are (quasi)modular forms of the elliptic parameter.
Introduction
Seiberg-Witten (SW) theory [1, 2] is a foundation of many branches of modern theory. It is a quasiclassical limit with respect to the peculiar ǫ-variables of Nekrasov theory, which, on one side, is AGT related to the two-dimensional conformal theory, Chern-Simons and knot theories, and, on another side, is linked to a combinatorics of 3d partitions, tropical geometry of Calabi-Yau spaces, refined topological vertices, all these being described in terms of various matrix models and β-ensemble. Remarkably, Seiberg-Witten theory per se is just equivalent to the theory of integrable N -particle systems [3] , thus all the above subjects should and do possess an interpretation in basic terms of group theory. This equivalence, however, implies and requires an extension of the well-known set of integrable models of the Calogero-Ruijsenaars type to include their duals [4, 5, 6, 7, 8] and, most important, the self-dual double-elliptic integrable system, of which just the very initial facts are already known [9, 7, 10, 11, 12] . (There is another approach based on spectral dualities [13, 14, 15, 16, 17, 18] , for the last important development in this direction, also relevant for the double-elliptic case, see [19] . ) Seiberg-Witten theory interprets the eigenvalues of Lax operator as a 1-form on the spectral curve and treats integrals along the A-cycles as flat moduli a I , while those along the B-cycles as the gradient ∂F /∂a I of a function F (a) known as Seiberg-Witten prepotential. Such a description is possible due to symmetricity of the period matrix T IJ = ∂ 2 F /∂a I ∂a J . From the point of view of Riemann surfaces, the procedure works only for some peculiar Seiberg-Witten families, namely, for those that are families of the spectral curves of integrable systems. It is natural to ask for a more straightforward definition in terms of the period matrix, not referring to the subtle question of enumerating integrable systems. At least, one could ask for some equation distinguishing the relevant functions F (a). An attempt of this kind was made in [20, 21, 22, 23, 24] , where it was shown that many SW prepotentials satisfy the "generalized" WDVV equations [25, 26] (these should not be mixed with the ones studied in [27] : essential for SW theory is absence of a distinguished modulus providing a constant metric). The problem, however, was that "many" did not mean "all": the most interesting elliptic systems (associated with the UV-finite SUSY theories) did not fit into this class (see also [28] ). Since then, the question of "an exhaustive equation" for the prepotentials remains open.
In this paper, we make a considerable step towards resolving this longstanding problem: we suggest an equation for the perturbative prepotential, which is also non-linear, involve the third derivatives of the prepotential, but different from the generalized WDVV equation, and which turns out to have the most general double-elliptic system as its generic solution. We also demonstrate how the non-perturbative corrections are systematically built from this solution, but do not provide a complete description of the equation for the full non-perturbative prepotential. Also our very concrete formulas below are limited to the first essentially non-trivial example of N = 3 (three particles).
We obtain the equation by studying the conjecture of [7] that the Poisson-commuting Hamiltonians can be made from theta-functions on the SW families of Riemann surfaces, with the Jacobian points z I and flat moduli a I playing the role of conjugate variables. Since moduli appear in the theta-functions only through the period matrix T IJ , the involutivity conditions for the Hamiltonians are
These conditions can be simplified by rewriting them as z-independent relations, which was done in [12] , and the result is the following set of equations:
where C α ijk are the theta constants of genus g defined in (2.7) and g = N . We already discussed some simple properties of (1.2) in [12] , but now we show that these equations can be used to calculate the Seiberg-Witten prepotentials including their instanton corrections. In this sense, we propose the equations that follow from the integrability of SW theory. We present the calculations for the three-particle (N = 3) elliptic integrable systems associated with the low-energy limit of N = 2 SUSY gauge theories with adjoint matter hypermultiplets, the presentation being performed in the form allowing an immediate extension to an arbitrary number of particles N . These systems are: the elliptic Calogero-Moser system [29, 30, 31, 32] , which is related to the 4d theory [33, 34, 35] , the elliptic Ruijsenaars system [36, 4] , which is related to the 5d theory with one compactified KaluzaKlein dimension [37] , and the double-elliptic integrable system related to the 6d theory with two compactified Kaluza-Klein dimensions [9, 7, 10, 38] .
We demonstrate that the non-perturbative prepotential is a series in flat moduli with the coefficients being modular forms. This fact is in a complete agreement with modular properties of the spectral curves of the corresponding integrable systems, and part of the behaviour (the dependence on the quasimodular form E 2 ) is described by the modular anomaly equation [39] in the Calogero and the Ruijsenaars cases. In the Calogero case, it was revisited in the case of Nekrasov functions in [40, 41, 42, 43] and is associated with the modular transformations in 2d conformal field theories [44, 45] . In the double-elliptic case, it is more involved and will be discussed elsewhere [46] .
Involutivity conditions
In this section, we recall the involutivity conditions obtained previously in [11, 12] . The N -particle Hamiltonians for the systems under consideration were constructed in [9, 7] and can be represented as follows:
where we use the Riemann theta function 1 of genus g = N with the N × N period matrix T of the corresponding Seiberg-Witten curve. This matrix is given by the prepotential F and is a function of just N flat moduli a i :
In the previous works, the special property of the elliptic Calogero spectral curve was used to reduce the genus of theta functions in (2.1) to N − 1. Here we introduce the genus N theta functions to obtain the equations for the prepotential. Also, the non-reduced form (2.1) allows one to study some other spectral curves, for example, corresponding to the theories with matter in the fundamental representation. The Poisson commutativity of the Hamiltonians
is considered with respect to the Seiberg-Witten symplectic structure
Since (2.3) should be valid for arbitrary values of z, one can rewrite the involutivity conditions as a system of equations depending on the period matrix and its derivatives only. In [12] , this was done with the help of the standard basis in the linear space of weight 3 theta functions:
The result is the following set of z-independent relations equivalent to the commutativity conditions (2.3):
where
The theta constants (2.7) have the following Fourier expansion:
1 The Riemann theta function with characteristics a, b ∈ Q and g × g period matrix T is
where a, b and n are g-dimensional vectors.
It was also proven in [12] that for N = 3 relations (2.6) with exp 2πı 3 l α l = 1 are trivial. The nontrivial relations can be reduced to the form exp 2πı 3
3 Equations for the perturbative Seiberg-Witten prepotential
The Seiberg-Witten prepotentials are usually presented as a sum of free parts: the classical, perturbative and instanton ones
We consider the special class of elliptic integrable systems associated with the low-energy limit of N = 2 SUSY gauge theories with adjoint matter hypermultiplet. In this class of systems, the following general expression for the prepotential holds:
where m is the mass of the hypermultiplet, q = exp (2πı τ ) and the elliptic parameter τ is related to the gauge coupling e and to the θ-angle of the gauge theory in the following way:
Another important property of the systems under consideration is the following condition on the period matrix T ij : 4) which means that the perturbative part F pert and the instanton corrections F (k) depend only on the differences (a i − a j ) of the flat moduli a i instead of the moduli themselves. Now the involutivity conditions (2.6) can be considered as non-linear equations on the prepotential in form (3.2). These equations depend on the second and the third partial derivatives of the prepotential with respect to the moduli a i :
Since the theta constants C α ijk from the involutivity conditions are exponentials of the period matrix (3.5), one gets a proper series expansion of (2.6) in powers of q. The equations on the perturbative prepotential F pert arise in the first non-zero order of this expansion.
In this section, we present equations for the perturbative Seiberg-Witten prepotential obtained from the involutivity conditions (2.6) with different vectors α ∈ Z N /3Z N . The expansion of C α ijk in powers of q can be derived with the help of the Fourier series (2.8). For α = 0, one has in the first non-zero order
where ∂ i = ∂/∂a i . Next, we consider the equations corresponding to the vectors α with two non-zero coordinates α i , α j , i = j:
The first non-zero order in q reads ∀i = j :
The vectors α with three non-zero coordinates
give the following equations:
Equations for other non-zero vectors α different from (3.8) and (3.10) are more complicated, so we do not write them down explicitly. However, the whole system of equations (2.6) along with condition (3.4) provides the following set of equations: 12) which was proven for N = 3, 4, 5.
Since the Seiberg-Witten prepotentials are invariant under any permutation of the flat moduli a i , solutions to the equations (3.9) and (3.12) are described by the following class of perturbative prepotentials:
where f (x) is an even function. In the known cases of elliptic integrable systems, this function reduces to x 2 for the elliptic Calogero-Moser system, to sinh (x) 2 for the elliptic Ruijsenaars system and to sn (x|τ ) 2 for the double-elliptic system. Now, using equations (3.7) and (3.11), one can define the most general form of the function f (x). Here we would like to point out that our considerations are restricted by the strong condition, (3.4), which gives
If one drops the condition (3.4), the diagonal elements of the period matrix become independent of the nondiagonal ones and equation (3.7) turns out to be essentially different from equation (3.11) . This case could correspond to the theories with matter in the fundamental representation. Introducing the notation
we rewrite equation (3.7) in the rational form. For the first non-trivial cases of three and four particles, one has
Besides the trivial solution f (x) = const, the both equations, (3.16) and (3.17) admit the following series solution:
where the coefficient e 0 is rescaled with the help of mass parameter m in (3.15 and so on (see Appendix A). The same formulae are valid for equation (3.11) . The most general function satisfying the recurrence relations (A.2)-(A.8) is
where the first parameter β −1 corresponds to the first periodω 1 of another, second torus with the elliptic parameterτ =ω 2 /ω 1 . The second parameter γ corresponds to the simple shift in the classical prepotential F class and the rescaling of the mass m, which can be seen from expression (3.13) for the perturbative prepotential. As a result, there is one essential parameterτ corresponding to the elliptic parameter of the second torus in the double-elliptic system. Finally, we present the most general solution (with respect to the second partial derivatives) to equations (3.7), (3.9), (3.11) and (3.12) with property (3.4):
4 Non-perturbative corrections for N = 3
In this section, we describe the method of constructing non-perturbative solutions of (2.6), which is based on the series expansion in powers of q. As we mentioned earlier, the first non-zero order in q depends only on the perturbative part of the prepotential; the second non-zero order incorporates the perturbative part and the first instanton correction and so on. We start with the leading, perturbative order of (2.6). For N = 3, there are 5 different equations corresponding to different vectors α ∈ Z 3 /3Z 3 :
where the last equation was simplified with the help of (3.4). Expanding (2.6) up to the second non-zero order in q, one gets non-perturbative corrections to the above equations. The resulting equations depend on the perturbative part of the prepotential F pert and on the first instanton correction F (1) . We use the relations obtained in the perturbative order and the notation F (0) ij from (3.15) to simplify the first non-perturbative corrections to (4.1)-(4.5), which acquire the form
One can calculate further non-perturbative equations up to any given order in q. In each consequent order, new instanton corrections F (k) arise. We performed these calculations up to the 8-th non-zero order in the expansion of (2.6), which provides equations for the first 7 instanton corrections. Now we describe some simple methods to obtain solutions of (2.6). Having the general solution (3.24) for the perturbative prepotential, we substitute it into equations (4.6)-(4.10) for the first instanton correction. First of all, these equations define the pole structure of the correction F (1) . Since functions F (0) ij and the third derivatives of the perturbative prepotential F pert exhibit poles only at a i = a j , i = j, the same is true for the first instanton correction. We note that the orders of poles are also restricted by the equations. The pole structure of the higher instanton corrections is defined in the same way by the preceding instanton corrections and the perturbative prepotential. Another important property is that the instanton part of the prepotential is a symmetric function of the differences (a i − a j ). This property can be derived from equations (2.6) and the condition (3.4), we consider it as a natural ansatz.
To make use of these general considerations, we start with the elliptic Calogero-Moser system. In this case, the prepotential F CM depends on two parameters: the elliptic modular parameter τ and the mass m. The first parameter τ gives the instanton expansion k q k F (k) . Each instanton correction F (k) can be further decomposed as a series into powers of the second parameter m. This latter decomposition is also specified by equations (2.6) in each non-zero order in q. To make the calculations simpler, we use the homogeneity relation
The calculations begin with equations (4.6)-(4.10), where we use the perturbative prepotential corresponding to the elliptic Calogero-Moser system. Decomposing this equations into powers of m and taking into the account the orders of poles at the points a i = a j , i = j, one gets a finite number of terms that could enter in the first instanton correction. In each term of a given degree of m (and a given pole structure), the dependence on the flat moduli a i is fixed by the homogeneity relation (4.11) and by the symmetric properties of the prepotential. Introducing a linear combination of these terms with undetermined coefficients c ... , we rewrite (4.6)-(4.10) as a system of linear equations on the coefficients. Moving on to the next instanton corrections, we apply the same method of undetermined coefficients. Similar methods can be applied for the elliptic Ruijsenaars system and the double-elliptic system, which we discuss in sections 6 and 7.
5 Elliptic Calogero-Moser system and 4d prepotential
In the case of the elliptic Calogero-Moser system, the first two instanton corrections were computed in [47] with the help of the spectral curve 47] :
where the right hand side coincides with the second order Hamiltonian of the Calogero-Moser system [29, 30, 31, 47] up to some a i -independent term:
We compute first 4 instanton corrections using the curve (5.1) in Appendix B. In this section, we use equations (2.6) to define the structure of the instanton part of the 4d prepotential.
Instanton expansion
For the elliptic Calogero-Moser system, the perturbative part of the prepotential is
Using this expression and equations (2.6), one can calculate the instanton corrections to the prepotential F CM as it was described in section 4. Introducing the new variables
with the notation a ij = (a i − a j ), we get the following expansion for the instanton part of the prepotential: and the coefficients c n,i,j,l are rational. Equations (2.6) allow one to compute the coefficients c n,i,j,l up to any finite instanton order. We computed the first 7 instanton corrections and the results suggest that the functions c n,i,j (τ ) are quasimodular forms of level 1 and of weight 6n − 2i − 2j up to some constant shifts (coming from the perturbative part of the prepotential):
and so on. This fact is in a perfect agreement with the modular properties of the curve (5.1), which we discuss below in section 5.2. Since the quasimodular forms of level 1 form a polynomial ring over the complex numbers in three generators (the Eisenstein series), [48] :
10) 12) and the results are presented in Appendix C.
Modular properties
The spectral curve of the elliptic Calogero-Moser system (5.1) is given by the Lax matrix
(5.14)
The curve is invariant under the modular transformations
of the elliptic parameter τ = ω 2 /ω 1 . Consider the definitions of the flat moduli a i and their duals a Thus, the period matrix
In other words, the following equation holds:
The second modular transformation from (5.15) gives
The modular properties considered above were used by J.A. Minahan, D. Nemeschansky and N.P. Warner (MNW) [39] to derive the modular anomaly equation:
However, equations (5.21) and (5.23) only describe dependence of the functions c n,i,j (τ ) from (5.6) on the quasimodular form E 2 . To obtain the exact expressions like (5.8), one needs to use some additional information.
Elliptic Ruijsenaars system and 5d prepotential
The spectral curve of the elliptic Ruijsenaars system [49] can be written in the form
According to [49, 50] , this curve corresponds to the five-dimensional theory. In the limit β → 0, one gets the spectral curve of the elliptic Calogero-Moser system with
In principle, the curve (6.1) could be used to calculate the 5d prepotential, as it was done [47] in the case of the 4d prepotential and the spectral curve (5.1). The resulting prepotential would depend on the three parameters τ , m and β.
Instanton expansion
As earlier, for finding the non-perturbative corrections to the prepotential, we start with the perturbative part
and use equations (4.6)-(4.10) to define the first instanton correction. These equations can be decomposed in powers of m (with a finite number of terms in the decomposition) and solved order by order. After solving the equations for some first orders in m, we introduce the following ansatz: the instanton part of the 5d prepotential is a symmetric function of {sinh (β (a i − a j ))}. This allows one to use the same method of undetermined coefficients, as in the 4d case. The only difference is that the homogeneity relation (4.11) does not work for the 5d prepotential and the undetermined coefficients c ... acquire the series expansion in powers of m. We probed this ansatz in the first 7 instanton corrections and calculated the corresponding coefficients.
To present the results, we introduce the following functions:
(6.4) Then, the instanton part of the prepotential F RS for N = 3 acquires the form
where the functions c n,i,j (m, τ ) admit the series expansion
with rational coefficients c n,i,j,k,l . The summation over indices i and j in (6.5) is taken specifically to avoid uncertainties related to the identities like s 02 − 2 s 11 = 2 t, (6 and similar ones for other functions s ij .
The coefficients in the expansions (6.6) are connected with the ring of quasimodular forms of level 1 in the following way. Consider functions of the elliptic parameter τ Other functions c n,i,j,k (τ ) with k > 0 are linear combinations of the quasimodular forms with different weights that are not greater than 6n − 2i − 2j + 2k (up to some constant shifts): and so on. The peculiar properties of c n,i,j,k (τ ) described above are due to the non-canonical choice of the parameters in the 5d prepotential. The parameter m is natural for the non-linear equations under consideration, since in each finite order in q the equations have finite expansions in powers of m. In Seiberg-Witten theory [24] , the natural choice of the parameters is different: the three parameters are τ , β and ǫ. Comparing the second partial derivative of the perturbative 5d prepotential in the form (6.4) and the results from [24] , we establish the connection between the parameters m and ǫ as m = sinh (ǫ) .
(6.16) Now, one can rewrite the whole 5d prepotential as a series in ǫ:
and the functionsc n,i,j,k (τ ) are proper quasimodular forms of weight 6n − 2i − 2j + 2k: Using the same method of obtaining exact expressions as in the 4d case, we determine the functionsc n,i,j,k (τ ), k > 0 up to weight 14 in Appendix D.
Modular properties
The spectral curve of the elliptic Ruijsenaars system [49] is invariant under the transformations
The definitions of the flat moduli a i and their duals a D i are exactly the same as in the 4d case (5.16) . This provides us with the following equations for the period matrix T RS : (6.24) and the modular anomaly equation in the MNW form:
Equations (6.23) and (6.25) describe dependence of the functionsc n,i,j,k (τ ) from (6.17) on the quasimodular form E 2 .
7 Double-elliptic system and 6d prepotential
The double-elliptic system corresponds to the most general solution of equations (2.6) with the property (3.4).
As it was established in section 3, the most general perturbative solution of (2.6) is
where sn (z|τ ) = θ 00 (0|τ ) θ 10 (0|τ )
We compute the instanton part of the 6d prepotential by solving the non-perturbative equations arising in the expansion of (2.6) in powers of q. The most general solutions of these equations are symmetric functions of {sn (β (a i − a j ) |τ )} and, in the first non-trivial case of three particles, the instanton part of the 6d prepotential can be written in terms of the following variables:
The method of undetermined coefficients described in section 4 works for the double-elliptic system with slight modifications: the undetermined coefficients c ... acquire the series expansion in powers of m and the new parameterq (which is associated with the Kaluza-Klein compactification torus in the 5-th and 6-th dimensions),
This allows us to write the instanton part of the prepotential F Dell for N = 3 as
where the functionsĉ n,i,j (m, τ,τ ) are given by the series expansionŝ
with rational coefficientsĉ n,i,j,k,s,l and the following notation:
However, the latter formulas do not fully describe summation over the indices k and s, since at higher orders in q some coefficientsĉ n,i,j,k,s,l are systematically vanish.
We calculated the first 6 instanton corrections in the form (7.4) and the coefficients in the corresponding expansions (7.5) once again suggest the connection of the functionsĉ n,i,j (m, τ,τ ) with the ring of quasimodular forms. As in the 5d case, the connection is more transparent with the proper choice of the mass parameter. In the 6d case, the natural mass parameter ǫ is related to the parameter m in the following way:
Rewriting the whole 6d prepotential as a series in ǫ, we get
Using the computed coefficients in the expansions (7.5), we determine the exact expressions for a few first functions C n,i,j,k (τ,τ ):
11)
12)
13)
and so on. Clearly, there is no point in writing down all the terms in the series (7.10), since some of the functions C n,i,j,k,s (τ ) coincide with the 5d functionsc n,i,j,k (τ ). First of all, the degeneration of the 6d prepotential to the 5d one provides us with the following relations:
and the results forc n,i,j,k (τ ) can be seen in Appendix D. Another simple set of relations is given by direct computation of the functions C n,i,j,k,k (τ ) up to weight 12:
Thus, the only new functions arising in the 6d prepotential compared to the 5d one are C n,i,j,k,s (τ ) with 0 < s < k. The first example of such a function is C 11121 (τ ), and it is written down in (7.12) as
In general, the functions C n,i,j,2,1 (τ ) have the following form:
As we have seen in the 5d case, combinations of quasimodular forms with different weights appear, when some of the parameters in the prepotential are not appropriately chosen. The form of the functions C n,i,j,2,1 (τ ) imply that the parameter τ in the 6d prepotential (7.8) should be shifted by some function of ǫ andτ :
Computing the exact expressions for other functions C n,i,j,k,s (τ ) with k > 2, 0 < s < k, we determine the shift of the parameter τ as
Finally, we obtain the proper set of parameters for the 6d prepotential, which is ǫ, β, τ ′ andτ . Then, the series expansion in powers of ǫ for the prepotential F Dell acquires the form
and the functions C n,i,j,k,s (τ ′ ) are the quasimodular forms of weight 6n − 2i − 2j + 2k. The first 6 instanton corrections allow us to obtain the exact expressions for C n,i,j,k,s (τ ′ ) up to weight 12. Since the change of the parameter τ does not affect the relations (7.16),
we only need to write down the results for the functions C n,i,j,k,s (τ ′ ) with 0 < s < k, which is done in Appendix E.
Conclusion
We proposed new non-linear equations that allow one to effectively describe the instanton expansions for the Seiberg-Witten prepotentials associated with the N = 3 elliptic Calogero-Moser system (4d case), the N = 3 elliptic Ruijsenaars system (5d case) and the N = 3 double-elliptic integrable system (6d case). All the instanton expansions can be written in a universal manner as expansions in powers of flat moduli (including the adjoint matter hypermultiplet mass) with coefficients that are quasimodular forms of the elliptic parameter. Although the results are given for the first non-trivial case of N = 3, the generalization to the case of N > 3 is straightforward. To obtain the instanton expansions for the general case with N > 3, one should replace the N = 3 functions s ij (a), t (a) (5.5), (6.4), (7. 2) by other sets of functions s i1i2...in (a), t (a) depending on all differences (a i − a j ), i, j = 1, . . . , N .
An interesting problem is to describe the modular properties of the 6d spectral curve corresponding to the double-elliptic system. The quasimodular properties of the coefficients in the expansion (7.21) of the 6d prepotential suggest that, similarly to the 4d and 5d cases (eqs.(5.23) and (6.25) respectively), there exists a 6d modular anomaly equation. We are going to address this problem elsewhere [46] . 
A Recurrence relations for the coefficients e n
In this Appendix, we present recurrence relations for the coefficients in the series expansion
For the first 10 coefficients, these are 
B Instanton corrections from the spectral curve (5.1)
This Appendix is based on the paper [47] by E. D'Hoker and D.H. Phong, where the first and the second instanton corrections were calculated. We calculate here the first 4 instanton corrections with the help of the spectral curve (5.1). The spectral curve of the elliptic Calogero-Moser system can be rewritten in the form:
and k i are classical order parameters in Seiberg-Witten theory.
Introducing the new variable y:
we get the following equation for the curve:
The classical and perturbative parts of the prepotential are well-known:
The simplest way to calculate the instanton corrections F (k) is to use the following equations:
where the integration contours are taken around the cuts (including the points k i ) on the corresponding sheets. The differentials can be rewritten as:
Since one can choose the integration contours located at a finite fixed distance from the points k i , the functions η n in the integrand remain finite as q → 0, and equation (B.4) can be used. The instanton corrections are calculated by the residue methods only [47] , and the answer depends on the functions S n,i (k) and P n,i (k):
Computing log (y) up to the fourth order in q, one gets where η n,1 = η n (k, 1) and η n,−1 = η n (k − m, −1). In the first and the second orders, only the function η 1,1 exhibits poles at k = k i . Thus, in the first and the second instanton orders, only the function S 1,i (k) appears. In the third and the fourth orders, both the functions S n,i (k) and P n,i (k) contribute, but the second one appears in the following combinations only:
which do not contain the "anomalous" poles at the points k = k i + m. This means that the "anomalous" poles of the functions P n,i (k) cancel out in the expressions for all relevant quantities. In particular, none of the functions k i (a) in (B.8) contain "anomalous" poles, as well as the instanton corrections (at least up to the fourth order). Now we use (B.7) to calculate a i 's: Then, inverting the dependence in (B.18), we obtain the first 4 instanton corrections. Before writing them down, we would like to notice that in the three-particle case (N = 3) all corrections agree with the expansion (5.6). The explicit expressions for the first 3 corrections are 
where we insert a i 's instead of k i 's in all functions S n,i (a) and P n,i (a). The expression for the fourth instanton correction is too long, so we just use equation (B.8) and compare the result with (5.6).
C 4d functions c n,i,j (τ ) 
